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Questions with nice answers

Curves
How many genus-2 curves are there over Fq?

1 _ A3
> ZAtc T

genus-2 C/Fq

(Brock/Granville, Finite Fields Appl., 2001)

Principally-polarized abelian surfaces

How many principally-polarized abelian surfaces (A, \) are
there over [F;?

> #Aut1(A N-9 e
(AN)/Fq ’
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Why such nice answers?

Curves and principally-polarized surfaces are parametrized by
nice moduli splaces.

What about objects without nice moduli spaces?
For example. ..

Curves with nonsimple Jacobians

How many genus-2 curves C are there over Fg such that Jac C
is nonsimple?

Likewise, we could ask about principally-polarized surfaces
where the surface is not simple.
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Main result

Theorem
There exist positive constants ¢ and d such that for all q,

#{genus-2 curves C/F4 with Jac C nonsimple}

5/2
is at least =3 = and at most d g°/(log q)'(log log q)?.

(log q)

Informal interpretation

A randomly chosen genus-2 curve C/Fq4 has roughly one
chance in /g of having nonsimple Jacobian.
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Does this make sense?

Let’s compare to the probability that an isogeny class is split.

Isogeny classes
The number of isogeny classes of abelian surfaces over [y,
with g = p®, is
_32(p-1) P2
3 p ’
(DiPippo/Howe, J. Number Theory, 1998)

Split isogeny classes
The number of split isogeny class of abelian surfaces over Iy,
with g = p®, is

(p—1)

q.
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Types of split surfaces

Split surfaces can be isogenous to. ..
@ E; x E,, with E; and E» ordinary and nonisogenous
@ E?, with E ordinary

@ E; x E,, with Eq, E> nonisogenous, but at least one
supersingular

@ E?, with E supersingular

How many of each type?
@ We will see. ..
Q@ O(q*(logq)™)
© O(g?(log q) ), probably less
@ 0O(g?)...and there are this many when q = p?

So the ordinary nonisogenous case is the critical one.
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How curves with nonsimple Jacobians arise

Given:
@ Two elliptic curves Eq, E; over afield k

@ Anisomorphism ¢: Ej[n] — Ex[n] for some n > 0, such
that + is an anti-isometry with respect to the Weil pairing

We will produce:
A genus-2 curve C (possibly degenerate) with Jac C ~ E; x Eo.
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Given:
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x| l
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We will produce:
A genus-2 curve C (possibly degenerate) with Jac C ~ E; x Eo.
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Completing a diagram

We have:
@ Graph(vy) C (Ey x Ez)[n], a maximal isotropic subgroup
@ A= (Ey x Ep)/Graph(¢)
@ «a: E; x E; — A, the natural map
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Completing a diagram

We have:
@ Graph(vy) C (Ey x Ez)[n], a maximal isotropic subgroup
@ A= (Ey x Ep)/Graph(¢)
@ «a: E; x E; — A, the natural map

mult. by n = —

E1XE2 E1></E;
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Completing a diagram

We have:
@ Graph(vy) C (Ey x Ez)[n], a maximal isotropic subgroup
@ A= (Ey x Ep)/Graph(¢)
@ «a: E; x E; — A, the natural map

E, x E, mult. by n EX/E;
A
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Completing a diagram

We have:
@ Graph(v) C (Ey x E)[n], a maximal isotropic subgroup
® A= (Ey x Ep)/ Graph(¢)
@ a: Ey x E; — A, the natural map

mult. byn — —

E1 X E2—>E1 X Eg
ocl T{j
A —_—

JacC
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An old story

Theorem

@ Every genus-2 curve C with non-simple Jacobian arises in
this manner, perhaps in several ways.

@ IfJac C is nonsimple but is not isogenous to E?, then the
E,, E5, n, and ) giving C are unique up to

(Ey, Eo,n ) = (Eo, By, ").

This is close to work of Kani, J. Reine Angew. Math. (1997).

But the results go back at least to Kowalevski’s dissertation
(1874, published in Acta Math. in 1884), using unpublished
result of Weierstrass (her advisor).

Also, independenly, to Picard, Bull. Math. Soc. France (1883).
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Rephrasing the question

Don’t count curves. ..

Instead, count quadruples (Eq, Ez, n, 1), where
@ E4 and E;, are nonisogenous elliptic curves over g
@ n>1is aninteger
@ ¢: E1[n] — Ey[n] is an anti-isometry

Note that the existence of an isomorphism E{[n] — Ex[n]
implies that
trace E; = trace E> mod n.

Thus, for a given E; and E,, only certain n are possible.
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How not to prove the theorem

A reasonable strategy?

@ We claim there are ~ g®2 curves with nonsimple Jacobian.
@ There are ~ g pairs (Ey, E).

@ Should we try to show that each (Ey, Ey) gives about g'/?
curves?

This won’t work: Consider

limsup max 097 1Jac Ccoming from &, £}
g—oo E1,E2/Fq log q

Can prove this is equal to 3/4.
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Why some pairs of elliptic curves produce many C

Given Ey and E, let’s count anti-isometries Eq[¢] — Ex[/].

For there to be any anti-isometries, the Galois modules E;[/]
and E,[¢] must be isomorphic.

Say the characteristic polynomials of Frobenius on these
modules are both f = x? — tx + g € Fy[x]. In that case. . .

...the number of anti-isometries E;[(] — Ez[(] is:

£+1 if f is irreducible,
f—1 if f has two distinct roots in IF,
(3 —¢ ifdiscf = 0 and Frobenius acts as an integer,

0 or 2¢ ifdiscf = 0 and Frobenius does not act as an integer

v
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The relative conductor

Suppose the Frobenius 7 acts as an integer t on E[/].
Then (7 — t)/¢ is an endomorphism of E,
So ¢ divides the index [End E : Z][r]].

We define the relative conductor of E /IF4 to be

rcond E = [End E : Z[]].

Theorem
The number of anti-isometries E{[n] — Ex[n] is at most

2/(My(n)(rcond E; )(rcond Es),

where v(n) = #{p | n} andy(n) = n[],,(1+1/p).
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Definition
A stratum (for a quadratic order R) is the set of all elliptic curves
over [F4 having endomorphism ring R.

We can get rid of the annoying 2*(") by summing over strata.

Theorem

Let Sy and S, be two nonisogenous strata. The sum of the
number of anti-isometries E{[n] — Ez[n] for all E; € S; and
E> € S, is bounded by

#S1 #So¢(n) (rcond Sy)(rcond S»).
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Summing over n. ..

Summing over all n dividing the difference of the traces gives:

Theorem

There exists a constant ¢ such that for all nonisogenous strata
Si and S,, the number of Jac C coming from all E; € Sy and
E, € S, is at most

c#Sy #8, (rcond Sy )(rcond S,)q'/2(log log g)?.
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Summing over strata. . .

The total number of C coming from ordinary nonisogenous
elliptic curves is at most:

cq'/?(loglog q)? > #S; #S, (rcond S;)(rcond Sy)
5.5

< (c/2)q"?(loglog q)? ( Z #S - rcond 8)2

= (¢/2)q"/*(loglog q) (Z reond £

Our goal is to give an upper bound of the form

d g°/*(log )'°(log log g)?.
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The sum of the relative conductors

So our main result follows from:

Theorem
There is a constant ¢ such that for all q,

>~ rcondE < cq(log q)°.
ordinary E /Fq

Why is this reasonable?
@ rcond E can only be as large as the conductor of Z|x].
@ On average, the rings Z[r] have small conductor.

@ Even when Z[x] has large conductor, relative few curves in
the isogeny class have large relative conductor.
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We can estimate probability that a random genus-2 curve over
F4 has split Jacobian by sampling.

For q = 101, probability is ¢/,/q, with ¢ = 0.796 + 0.009.
For g = 1009, probability is ¢/./q, with ¢ = 0.80 & 0.05.

Perhaps suggests true probability is ¢//q, with no log powers?
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Application

Fix a genus-2 C over Q. Consider

f(x) = #{p < x such that C/F, has split Jacobian}.

If the suggestion on preceding slide is correct,
we expect f(x) to grow like v/x/ log x.
This agrees well with tests on C: y2 = x® + x + 6.
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